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Abstract

In this paper, we present a system for the symbolic solution of
problems in engineering mechanics. Of critical importance is a
sub-system for maintaining and manipulating quantities
containing unevaluated intermediate variables Without this

subsystem, intermediate expression expansion makes symbolic
mechanics impractical for all but trivial problems, Whit the
subsystem, readable symbolic solutions may be derived for
mechanics problems of textbook complexity and above. More
complex symbolic solutions in a form amenable to code
generation may be derived for mechanics problems of the
complexity found in a practical engineering context.

Introduction

In a previous paper [5] a method was described for performing a
symbolic analysis of dimensioned engineering drawings.
AMIysis of the constraint graph associated with the drawing [6]

led to its description as a sequence of elementary Euclidean
constructions, each of which was responsible for constructing a
single point or line from ita specified relation to known (already
constructed) points and lines.

For example, a construction sequence for the four bar linkage of

figure 1 is given below.

Construct a point (point P2) at the ongin.
Construct a line (line L3) through point P2 in the
direction of the x-axis.
Construct a point (point PI) on line L3 distance b from
point P2.
Construct a line (line L5) through point P2 angle e
degrees to line L3.
Construct a point (point P4) on line L5 distance a from
point I%?.
Construct a point (point P6) distance c from point P1

and distance d from point P4.
Conmuct a line (line IX) through points PI and P6.
Construct a line (line L7) through points P4 and P6.
Construct a point (point P9) on line L7 distance d/2
from point P4.

Figure 1: A four bar linkage spectjled by the lengths of three

sides and one angle.

Each individual construction which is part of the sequence

described above has a corresponding set of equations which may

be solved to determine the unknown geometrical entity. These

constructions are described in [5].

In the previous work, expressions for the coordinates of the

drawing’s points and the mefficents of the drawing’s lines were

established in terms of the independent constraint values alone.

With this approach, the system suffered from substantial

intermediate expression expansion, and was able to deal only

with rather simple drawings. Attempts to perform analysis of

the engineering mechanics of a model subsequent to the

derivation of its symbolic geometry exacerbated this problem.

In this paper, we report the design and implementation of a

symbolic engineering mechanics system which uses

intermediate variables throughout the analysis. This eliminates

intermediate expression expansion, because the size of the

expressions is lutown a priori. Furthermore, the growth in

number of the new intermtilate variables is linear in problem

size, as opposed to the exponential growth in expression

complexity which is experienced without their use.

Intermediate Variables
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typically, by extracting subexpressions and renaming them. A

single complicated expression is in this way transformed into a

simpler expression along with a series of equations defining

terms in the expression. The mathematician applies the

typically human resources of domain knowledge, intuition,

experience, pattern recognition and rules of thumb to this

process.

In the context of Constructive Variational GeomcW, two

different -s of symbolic description maybe derived from the

primary abstract description provided by the construction

sequence. The fiist is a description when: the coordinates of

each point and the coefficients of each line are expressed purely

in terms of the independent variables. The second, and the

approach followed here, is a description where intermediate

variables are introduced and may appear in the expressions for

the coordinates of the points and the coefficients of the lines.

(XO,YO)

Figure 2: The intermediate variables c, d, e are added in the

construction for a point (X,Y) distance ROfnom (XO,YO), RI from

(X1,Y1).

The intermediate variables are introduced alluring the process of

performing the individual constructions. For example the

construction for a point (X,Y) distance ~ from point (XO,YO)
and distance RI from point (X 1,Y 1) consists of the sequence of

formal expressions described in figure 2.

In performing the construction, the system merely substitutes

the correct names for the placeholders (Xo,YO) and ml ,Yl),

and generates new names for the intermediate variables c, d, e.

If none of the intermediate variables are subsequently
eliminated, then the size of expressions is known a priori simply
to be the size of the formal expressions. Also, as the algebra
system is not performing any extensive symbolic manipulation,
the time taken to perform the geometric construction is short.
The set of equations generated using this approach, however, is
long and the number of variables introduced may be excessive.
Further, the algebra system is given no opportunity to perform
any simplitlcatitnt on the expressions as they evolve.

d=~~

dz + &z – R12
c=

-Ge– & –cz

x=x +c(X1– XO)+e(~– YO)
o

d

Y=YO+
c(T –YO)+e(XO –Xl)

d

The strategy employed in the implementation of our system is to

generate an initial symbolic geometry description with a large

number of intermediate variables and judiciously to eliminate

variables in order to achieve an elegant or “simple” description

of the mathematics. Specifically, we apply a measure of

complexity to the expression defiig each intermediate

variablq if this measure falls below a pre-set threshold, the

variable is eliminated.

In our prototype system the measure of complexity used is the

total number of independent or dependent variables in the

expression. For example if a threshhold value of 2 is set, then

any intermediate variable which is a constant, or an expression

containing a single variable is eliminated.

Geometrical quantities are frequently more succinct when

expressed as an implicit rather than an explicit equation. For

-Fexample, r2 =X2+ y2 is slightly preferable to r – x + y

Differentiating the implicit form, yields a substantially simpler

expression than differentiating the explicit form: rr’ = Z/ + yj as

,,
opposed to r’= = ‘Yy

m“

(In the other hand, the explicit form

is needed for evaluation and substitution. Hence it is

advantageous to maintain both an implicit and art explicit

description of each variable.

In our system, the intermediate variables are maintained in a

table (the Intermediate Variable Table or IVT) containing, for

each variable (a) the name of the variable, (b) the left hand side

of an implicit definition of the variable, (c) the right hand side

of an implicit definition of the variable, (d) the right hand side

of an explicit definition of the variable. When a new variable is

installed in the table, an implicit deftiltion is given, this is

solved by the system to yield an explicit definition.

Shown below is the Intermediate Variable Table description of

point P9 in the four bar linkage depicted in Flgttre 1. In this

description, a, b, c, d, and e are input constraint values as drawn

on Figure 1. P6x and P6y are the x and y coordinates of point

P6, F9x and P9y are the coordinates of point P9. P6c, P6d and

P6e are intermediate variables introduced by the system in the

process of constructing point P6. These intermediate variables

correspond to the variable c,d and e in the defiition of the

construction for a point a given distance fkom two known points

described in figure 2 above.
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P6d2 = –2aeos(e)b + bz + az

P6C = P6d2 + C2– d2

2P6d

p6e2 = ~2 _ (P6d2 + C2 - d2)2

4P6d2

~6x = ~+ P6c(aeos(e) - b) + uP6esin(e)

P6d

P9X = aeos(e) + P6x— —
2 2

P6y =
P6c,a.sin(e) + P6e(acos(e) – b)

P6d

asin(e) + P6y
P9y=— —

2 2

Notice the absence of intermediate variables corresponding to

the points PI and P2, and to all the lines in the figure. While

such variables were present in the initial verbose NT, the

system’s automatic simplification has eliminated these variables

from the table.

Critical to the analysis of problems in engineering mechanics is

the ability to differentiate expressions involving irttermedlate

variables. As the intermediate variables may conceal functional

dependencies , it is necessary for the IVT to implement its own

differentiation. In differentiating an expression y with respect to

t, each variable x contained in the expression is inspected.

Since the chain rule for implicit differentiation contains the term

dy dx—.— x is checked for membership in the IVT. If x is not
dx dt’

contained in the IVT, x is considered constant and hence dx/dt is

O. If x is contained in the IVT, then dx/dt is non zero and the

term must be included in the expression for dy/dt. It is

important to note that a new intermediate variable, “dx_by_dt”,

say, is introduced into the IVT to represent dx/dt. In the

‘y k by_a2 is introduced.expression for dyfdt the term ~. _

Elsewhere in the IVT, both an implicit and an explicit equation

for x exists. The implicit equation is differentiated to provide

an implicit equation for the new variable dx_by_dt. This

implicit equation is solved to establish art explicit equation for

dx_by_dt. Using the implicit definition in this way results in

simpler expressions for the derivatives.

For example, consider the following IVT

differentiating z with respect to t yields this IVT:

Implicit Explicit

X=tz X=tz

y= em(t) y = eos(t)

Zz=xz+y’ Fz= x +y

:–2—- $=2t

dy dy
— = –sin(?)
d

— = –sin(t)
d

dxdy

dz dx dy dz
Xz + yz

‘Z=xz+yz z= z

Differentiating a second time from the implicit equation gives

the following table entry for the second derivative of z

By contrast, a process where the explicit equation was

differentiated at each step would yield the following expression

$_[’9+(%J+y9+(%y](x’+Y2)-(x$+y:~
2-

(X2 +Y’):

Engineering Mechanics

Given a capability for the symbolic analysis of dimensioned

drawings, art engineering mechanics system may be built in a

manner described formally as follows [7].

Let U be the vector of free parameter values (for example in the

double pendulum of figure 4, u=(a,b)). Let there be m points of

interest in our drawing and n lines of interest (a point of interest

is a mass center or a point of force application, a line of interest

is a line with non zero moment of inertia or a line of torque

application). The above geometric analysis yields the position of

point i (1 < i S m) as a function of these constraints: (&i(U),q

i(u)). M Pi be the mass of point i ~d let (@i , vi) be the force

applied to point i. The angle of line j (1 < j < n) may also be

derived again as a function of the free constraints: Oj(u). Let Ij

be the moment of inertia of line j and let Tj be the applied

torque.

Let x be a generalized position vector, m the generalized mass

veetor and f the generalized force vector defined as follows:

Let p be the generalized momentum vector defined as follows:



At kinetostatic equilibrium, the reaction pseudoforce Fj in

parameter uj is defined by the equation:

Depending on the nature of parameter uj. this pseudoforce has

different interpretations. If uj is the length of a line, then the

pseudoforce represents the force needed to prevent the length of

the line from changing. If uj is an angle, the pseudoforce

represents the torque required to maintain the value of the angle.

While the pseudoforce is well defined even for parameters

which do not d~ectly constrain lengths or angles, the physical

interpretation may be less obvious.

The computation of pseudoforces in parameters represents a

solution to the inverse dynamics problem that of deriving forces

for given known motion. The forward dynamics problem, that

of deriving motion from given applied forces, is conveniently

phrased in variational geometry terms as follows. Given a set of

applied forces f and parameter values u and velocities u’, find

expressions for parameter accelerations u“ for a subset of

parameters which are free to accelerate in response to the

unbalanced forces. A solution to the forward dynamics problem

may be formulated from the observation thnt while in dynamic

equilibrium, the free constraints must transmit zero force.

Hence if constraint j is free,

Now, differentiating p gives:

3X. d2uk a2X. ‘ duk 2
~= mi~~.—

, auk dt2
+ mi~~. —

,auk ,dtH

Hence the equation of motion may be written as the following

linear system for u“:

For examples where there are several free parameters, it is

perhaps most useful for a symbolic mechanics system to present

the equations of motion in the above form and leave solution of

the linear system to be done numerically. For examples with

one or two free parameters, the system may be solved

symbolically to give direct acceleration expressions.

System Implementation

Software’s Analytix package [8]. Analytix is a constraint based

numerical engineering analysis package; as such it has all the

user interface elements necessary for the graphical specification

of problems in engineering mechanics. (ii) The front end

accesses OEM Maple as a Dynamic Linked Library and has its

own textual interface with Maple. (iii) A further system

component comprises the interme&ate variable table and the

symbolic geometry and dynamics code. This is implemented as

a Maple library, which is called by OEM Maple.

To specify a mechanics problem, the user sketches the geometry

in Analytix and adds symbolic constraints to specify dktances

and angles, The user then adds external forces or torques,

masses or moments of inertia to the figure. When the model is

specified, the user opens a Maple analysis window. At this

point the symbolic geometry code is invoked and an IVT created

containing the Coordhtates of all the points and the coefficients

of all the lines in the figure, along with such intermediate

variables as were added by the system.

Two different engineering mechanics functions are available to

the user. Reaction(x) gives the pseudoforce in parameter x.

InstallDiffEq([xo ,...,xn]) installs new variables A_xo,...,A_~

representing the accelerations of Xo,...,% into the IVT. IrI the
process of assigning expressions to these accelerations, a

number of new intermediate variables will be introduced (many

representing derivatives of existing variables). Velocity

vtiables V_xo,... ,V_xn will also be introduced and treated M

independent input variables.

A further component of our system is a code generation routine

which creates a C function for the evaluation of one or more

variables defined in the IVT. The resulting C function has as

outputs the requested variables, as inputs all the independent

variables required to evaluate the outputs and as locals all the

intermediate variables, plus any intermediate variables

generated by the Maple optimizer. For example, applied to the

4 bar linkage example of figure 1, the following routine was

generated for computing the acceleration of the crank angle

A_e:

tid C?irWkz( ckblearhble b,chblee,cbkile dckdd.eq~e
Ve, ch.bl.eqcMie*Ae)
(–

——

double t133;
double P6c;
double t122;

. . . 158 more lines of code . . .

In the above, a, b, c, d, e are parameters of the model, g is the

gravitational acceleration and V_e is the velocity of parameter e.

A_e is the output acceleration.

Examples

Our fiist example derives the formula for the torque in a piston

crank with unit force applied at the piston.

Gur symbolic engineering mechanics system has three major

components. (i) The front end is a customized version of Saltire
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Figure 3: A crank piston with unit force applied to the piston.

From the. user’s perspeet.ive, this problem is solved as follows.

The user draws the model in the form depicted in Figure 3, then

invokes the symbolic mechanics system. He introduces the

variable iorque into the NT table using the defiiing expression

torque=Reaction( a). Whhout further user intervention, our

symbolic mechanics system gives the following expression for

torque.

P8a2 = L2 – C2sin(a)z

2P8a~—= –2c2 sin(a) cos(a)

dP8a
torque = –csin(a) + —

da

In the above expressions, P8a is a geometric intermediate
variable introduced by the system.

Our second example considers a model of a double pendulum

with unit link lengths and with unit masses at the end of each

link (figure 4). Without simplification, the output from the

InstallDiffEq function had 30 intermediate variables. The use of

an automatic IVT simplification routine generated the following

expressions:

Figure 4: A ahble pendulum moakl has free paranwters a and

b.

fbJ2 = V_a2sin(b) – 4cos(a + b)g

fbJl = 8cos(a)g - 2V_aV_bsin(b) - V_b2sin(b) - 4cos(a + b)g

AJll=3-2cos(b)

AJ21 = –ma(b)+ 1

~ b. AJlljbJ2-AJ21jbJl

AJ11-AJ212

~ a . AJ21f5J2- fbJl
—

AJII-AJ212

Jn the above, V_a, A_a, V_b and A_b are the velocities and

accelerations of angles a and b, while AJ11, AJ21, fbJl, fbJ2 are

irttermedlate variables introduced by the system.

The NT simplification routine works by adaptively eliminating

intermediate variables contained in the expressions for

intermediate variables then looking for simplification in these

expressions. A measure of the complexity of the IVT is used to

direct this process; currently the measure used is the sum of a

weighted operation count for each expression in the IVT. We

are currently working on the development of more sophisticated

complexity measures.

The examples shown above are small, and hence it is quite

possible to eliminate all the intermediate variables while

retaining a workable symbolic description. This is

emphatically not the case, however, for even slightly more

complex examples.

Concluding Remarks

Research in the computer algebra community on the symbolic

representation of geometry has centered on the topic of

automatic geometry theorem proving, for example [2,4]. For

the interpretation of engineering problems, it is more important

to derive formulas than prove theorems. Wu and Chou have

developed tectilques for automatic derivation of geometric

formulas [1]. These are based on their methods for geometric

theorem proving. In recent work [3] Chou and Gau have begun

to apply their techniques to problems in the geometric analysis

of mechanisms, however performance is a major issue in the

practical application of these tecfilques in an engineering

context.

Two important uses of a symbolic description of an engineering

problem are design documentation and code generation. In

design documentation, the behavior of a system is captured in

the form of a mathematical description. This should be human-

readable and suitable for archiving in a paper form, for

publishing and for incorporating in patent applications. J.n code

generation, the behavior of the system is captured as a module

of computer source code. This code may then be incorporated

in a computer simulation. In both of these uses, the presence of

intermediate variables in the symbolic description is quite

acceptable, indeed beneficial. This is in contrast to the theorem-

proving domain where, to achieve the sought cancellation,

intermediate variables must typically be eliminated.
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A symbolic mathematics system, such as Maple does not

consider a sequence of equations as having a collective

meaning; common subexpressions which Maple may contain

are maintained for the purposes of optimizing the storage of a

single expression. On the other hand, the approach presented in

this paper maintains the collective meaning of a sequence of

equations, allowing the development of amefficient symbolic

mechanics system.
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